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Fourier Functional Analysis for Unsteady
Aerodynamic Modeling

Suei Chin* and C. Edward Lanj
University of Kansas, Lawrence, Kansas 66045

A method based on Fourier analysis is developed to analyze the force and moment data obtained in
large-amplitude forced oscillation tests at high angles of attack. The aerodynamic models for lift, drag, and
pitching-moment coefficients are built up from a set of aerodynamic responses to harmonic motions at different
frequencies. The final expressions for the models involve time integrals of the indicial type. Results from linear
two- and three-dimensional unsteady aerodynamic theories as well as test data for a 70-deg delta wing are used
to verify the models. It is shown that this modeling method is accurate in producing the aerodynamic responses
to harmonic motions and the ramp-type motions.

Nomenclature
AJ - coefficient of cosine Fourier series
BJ - coefficient of sine Fourier series
Cav = average value of constant terms in the harmonic

oscillation responses
CD = drag coefficient
CL = three-dimensional lift coefficient
CLa = variation of lift coefficient with respect to angle of

attack
CLQ - variation of lift coefficient with respect to pitch rate
Cm = pitching moment coefficient
Ci = two-dimensional lift coefficient
EJJ = constants associated with the zero-lag response
HJJ = constants in amplitude functions
/ = imaginary part of a complex number
j = index
k = reduced frequency, co/XKo,
/ = reference length
M = Mach number
N = number of frequencies
n = index for reduced frequency; index for the

coefficients in Fade approximants
PDj - Fade approximants
Pij = coefficients in Fade approximants
q = pitch rate, rad/s
/ = time
t' - nondimensional time, tV^/l
Fa, = freestream velocity
a - variation in angle of attack, QJO cos kt'
CL = time rate of change in angle of attack
ctQ = amplitude of angle-of-attack variation
ai = <xm + a
am = mean angle of attack
e = ktr
% = running variable in time
T = dummy time integration variable

Presented as Paper 91-2867 at the AIAA Atmospheric Flight
Mechanics Conference, New Orleans, LA, Aug. 12-14, 1991; received
Oct. 18, 1991; revision received Jan. 5, 1992; accepted for publication
Jan. 15, 1992. Copyright © 1991 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

* Graduate Research Assistant; currently Associate Scientist at the
Aeronautical Research Lab., Taichung, Taiwan, ROC.

tProfessor, Aerospace Engineering and Center for Excellence in
Computer Aided Systems Engineering. Associate Fellow AIAA.

2259

Introduction

B ECAUSE of the requirement of increased performance
and maneuverability, the flight envelope of a modern

fighter is frequently extended to the high-angle-of-attack
regime. Vehicles maneuvering in this regime are subjected to
nonlinear aerodynamic loads. The nonlinearities are due
mainly to three-dimensional separated flow and concentrated
vortex flow that occur at large angles of attack. Accurate
prediction of these nonlinear airloads is of great importance in
the analysis of a vehicle's flight motion and in the design of a
vehicle's flight control system. As Tobak and Schiff men-
tioned in Ref. 1, the main difficulty in determining the rela-
tionship between the instantaneous aerodynamic load on a
maneuvering vehicle and the motion variables is that this
relationship is determined not only by the instantaneous val-
ues of motion variables but also by all of the prior states of the
motion up to the current state. With the advanced computing
techniques, one straightforward way to solve this problem is
to solve the flowfield and the flight dynamic equations simul-
taneously. However, this is obviously a very costly approach.
In particular, at high angles of attack the aerodynamic loads
depend nonlinearly on the motion variables. Under such con-
ditions, even if the vehicles start from closely similar initial
conditions, they may experience widely varying motion histo-
ries. Thus, a satisfactory evaluation of the performance envel-
ope of an aircraft may require a large number of coupled
computations, one for each change in initial conditions. Fur-
thermore, since the motion and the aerodynamic response are
linked together in this approach, there can be no reutilization
of the previously obtained aerodynamic reactions.

To avoid the disadvantage of solving the coupled flowfield
equations and aircraft's motion equations, an alternate ap-
proach is to use a mathematical model to describe the steady
and unsteady aerodynamics for the aircraft's equations of
motion. Ideally, with a mathematical model, an evaluation of
the aerodynamic terms specified by the model would be re-
quired only once. The specified model can be reutilized to
solve the aircraft's equations of motion over a range of mo-
tion variables and flight conditions.

In classical linear potential flow theory,2'3 researchers in the
field of aeroelasticity used the Fourier transform to relate the
aerodynamic response of step change in angle of attack of a
wing to that of harmonic oscillatory motions. The transient
aerodynamic reaction to a step change is called the "indicial
function" and has been calculated for several classes of iso-
lated wings.2"5 By a suitable superposition6 of these results, the
aerodynamic forces and moments induced in any maneuvers
can be studied.2'3 Tobak7 applied the indicial function concept
to analyze the motions of wings and wing-tail combinations.
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Later, based on a consideration of functional, Tobak and
co-workers1'8 extended the concept of indicial function into
the nonlinear aerodynamic regimes, even with aerodynamic
bifurcations.9 The simplest nonlinear aerodynamic model pro-
posed in Ref. 1 has been applied by several authors10'14 to
perform the analysis. However, that model is accurate only to
the first order of frequency and thus needs to be improved for
a more general response.

Aerodynamic forces and moments acting on a rapidly ma-
neuvering aircraft are, in general, nonlinear functions of mo-
tion variables, their time rate of change, and the history of
maneuvering. How these unsteady aerodynamic forces and
moments may be represented in a form suitable for flight
dynamic simulation becomes uncertain, particularly at high
angles of attack. For a certain type of nonlinearities produced
in an experiment with small-amplitude oscillation, the analysis
has been accomplished by separating the time-history data
into in-phase and out-of-phase components.15 When large-am-
plitude forced oscillations are employed in wind-tunnel testing
at a large mean angle of attack, the aerodynamic phenomena
may involve dynamic stall and/or strong vortex flow, with or
without vortex breakdown. In this case, higher harmonic com-
ponents in the aerodynamic response are expected to exist16

and the phenomenon of aerodynamic lag would be important.
Therefore, a more general modeling technique is needed.

In this paper a numerical method will be developed to
analyze the nonlinear and time-dependent aerodynamic re-
sponse to establish the generalized indicial function in terms of
motion variables and their time rates of change.

Theoretical Development
In existing flight simulation two methods are commonly

used to treat high-angle-of-attack aerodynamics: 1) tabulated
quasisteady data17 and 2) a local linearized model that forms a
piecewise continuous fit of the nonlinear response.18 In the
present approach a formula involving time integration will be
developed.

Based on functional analysis, Tobak and Schiff1 developed
a fundamental formulation of aerodynamic response for arbi-
trary motion. By summing incremental responses to small step
changes of a. and ql/V^ at time r, they obtained an integral
form for CL at time t:

CL(t) =
da J/, T]—dr

(1)

is obtained where £ is over the interval 0 to r.
To have practical applications, the functional integral form

needs to be simplified. By assuming that a and q are analytical
functions in the neighborhood of £ = r, variables a and q can
be expanded by their Taylor series at £ = r. The indicial re-
sponses CL , for example, can be expressed as

CL >(£), ?(£); t, r] = CL\t, r; a(r), a(r), . . .
(2)

If only the first two coefficients are retained in the aforemen-
tioned Taylor series expansion, the integral form of Eq. (1)
becomes

f da
CL(t) = CL(0) + CLa[t, r; a(r), a(r), q(r), q(r)} — dr

Jo dr

- CL[t, n a(r), a(r), q(r)9 q(r)] dr (3)

Equation (3) is applicable to the study of rapidly varying
maneuvers, where hysteresis phenomena are known to exist.

However, it is difficult to implement Eq. (3). By assuming a
slowly varying motion, Tobak and Schiff neglected the depen-
dence of the indicial response on o; and q. By further assuming
that the indicial response is a function of the elapsed time t - r
instead of / and r separately, a simplified expression of Eq. (1)
can be written as

CL\t - T; a(r),
d«(r)

dr
dr

CLq[t - r; a( dr (4)

Although the form of Eq. (4) represents a great simplification
over that of Eq. (1), the equation still includes the full linear
form as a special case.

Jenkins19 applied a local Taylor expansion to indicial re-
sponse CLa and used that Taylor expansion form to fit numer-
ical indicial responses calculated from a program called
NLWAKE. By substituting CL(x into Eq. (4), Jenkins was able
to predict the oscillating motion for airfoil at low frequencies.

In the present investigation the hysteresis effect is included
and the assumption of low frequencies will be removed.
Therefore, an expression similar to Eqs. (3) and (4) is written
as

[t - r\ a(r), a(r), q(r),
,da(r)

dr
dr

— CLq[t- r; a(r),
VOD J O

r)
dr (5)

In wind-tunnel testing the q effect cannot be separated from
that of a. Since the method developed in this study will be
used first to analyze the wind-tunnel data, a. will be used
instead of q in the following investigation. The effect of a.
(i.e., q) is included in the response without aerodynamic lag,
such as the virtual mass effect in incompressible flow. Since
the zero-lag response does not involve the aerodynamic lag, it
is removed out of the time integral. Then Eq. (5) is rewritten
for the present study as

CL(t) = CL(0) + zero-lag response:

CL J/-r;a(r), a( dr
dr

]~dr
dr (6)

The main objective in the present investigation is to find a
suitable form for the integrand of Eq. (6). The basic building
blocks of the present method are a set of aerodynamic re-
sponses to harmonic motions at different frequencies. These
responses serve as a linearly independent set of functions upon
which the response to an arbitrary motion can be built.

In the linear theory2'3 the aerodynamic response can be
separated into a product of an amplitude function and a phase
function in harmonic motion. The amplitude function de-
pends on motion variables and their time rate of change. On
the other hand, the phase function is a function of frequency
and accounts for any phase lag between the response and the
excitation. In a two-dimensional linear theory the phase func-
tion is given by Theodorsen's circulation function.2'3 After
response is obtained at different frequencies with the same
amplitude in harmonic oscillation, the phase function can be
determined numerically. After reciprocal relations20 have been
used, the indicial function can be defined by numerical means.
This approach has been used for numerical determination of
indicial lift for plunging airfoils5 and for plunging wings.21
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The method for the linear theory is generalized as follows.
Instead of assuming that the aerodynamic response is a prod-
uct of an amplitude function and a phase function, it is taken
to be a sum of the products of amplitude functions and phase
functions in harmonic motion, i.e.,

CL - CQ + £ (amplitude function);*(phase function), (7)
J

In linear theory j = 1 in the equation. To determine the
form of the amplitude functions as functions of a(t) and a(0,
and the phase functions, a functional analysis is needed. A
practical method for this purpose is the Fourier analysis of
forced oscillation data. The motion is assumed to be of the
following form:

oi\ = am + OLQ cos(kt') (8a)

a = oiQ cos(At')

a. = (-a0k) s i n ( k t f )

<8b)

(8c)

The first step is to Fourier analyze the response over one
period. Let

CL =A0 + A{ cos 0 + A2 cos 20 + A3 cos 30 + B{ sin 6

+ B2 sin 26 + B3 sin 36 + • • • (9)

From past experience,21'22 it was found that Fade approxi-
mants provide an accurate approximation of the theoretical
phase function. Therefore, Fade approximants will be used in
the present model as phase functions. Following the classical
airfoil theory the analysis is best performed in complex alge-
bra. For this purpose Eq. (9) (or the experimental oscillatory
results) is rewritten in a complex form as follows:

CL = (A2 - iB2)ei

(A3 - iB3)ei3kt' (10)

It should be kept in mind that only the real part of the
response has a physical meaning. The reason for using the
complex form is to benefit from the mathematical convenience
of the eikt> notation. If a. is rewritten as

a. — a.Qeikt

and
ikt'

then the classical airfoil theory suggests that the response can
be put in the following form involving the products of ampli-
tude functions and phase functions as

CL=A0(k)

+ Enct + E2la + Ci * (Hna + H2ia) * (1 - PA)

+ £120:2 + E226i2 + C2 * (Hl2a2 + H22aa + H32a2)

* (1 - PD2) + Ei3a3 + E23a3 + C3 * (Hl3a3 + H23ot26i

+ H33aa2 + H43a3) * (1 - PD3) + • • • (11)

where PD are Fade approximants of order 2 and are defined
as

+ P2j(ik)
J ~ P3j(ik)2 + (ik) + P4j

(12)

En6ij + E2i6tj, etc., are the zero-lag response. The variables a,
and oLj are defined as

ctj = ikafQeijkt'

and

to be consistent with higher-order terms. When j = 1 in the
preceding equations, dt\ = a and a\ = ot. In addition, H2\, H22,
H23, etc., are related to the pitch rate effect. It should be noted
that the terms inside the parentheses following Q, C2, C3,
such as (Hna + H2i6t)9 represent the magnitude (or amplitude)
and (1 - PDj) represents the unsteady aerodynamic lag (or
phase) in response. Therefore, the present assumed form for
aerodynamic modeling encompasses the classical linear theory
and is capable of representing a complete set of harmonic
oscillatory data with different frequencies in one expression. It
should be noted that in Eq. (11) the contribution to each mode
is summed in complex form. The response in time domain is
given by the real part, similar to obtaining Eq. (9) from Eq.
(10).

Cj are the reference values used to normalize the lift given
by AJ - iBj in the least-squares error method, and j is the
index consistent with the exponent of the exponential terms in
Eq. (10). For example, if they term in Eq. (11) represents the
coefficient of eikt', then j is 1. If the j term in Eq. (11)
represents the coefficient of ei2kt>, then j is 2, etc. The first
term, A0(k), in Eq. (11) is a constant term, supposedly a
function of frequency. From available experimental data for a
delta wing,22 A0(k) can be assumed to be constant approx-
imately. The unknown coefficients P^, P2Jy P3j, and P4y- are
calculated from the least-squares error method. En, E2i, Hn,
Hi2, etc., are obtained separately by minimizing the sum of
squares of errors. This is equivalent to a two-level optimiza-
tion method to determine the unknowns in Eq. (11). That is,
E, H9 etc., are assumed first. Then Ply, etc., are determined
by minimizing the sum of squared errors. The values of En,
jf/n, etc., are varied next so that the sum of squared errors is
minimized based on a gradient method. It was found that this
approach is more effective in determining a global minimum
solution for the unknowns than a straightforward optimiza-
tion (one level) method because of nonlinearity in the un-
knowns in this optimization problem. It should be noted that
in the literature the phase function has been typically deter-
mined by the response to plunging motions, not pitching mo-
tions. Therefore, those terms associated with a in Eq. (11) do
not appear. This would greatly simplify the mathematics of
determining the Fade approximants. The details of the present
method are discussed in the following.

Least-Squares Method
By choosing proper values of En, Hn, //12, etc., in Eq. (11),

the corresponding AJ - iBj term in Eq. (10) is then divided by
the amplitude function. The result will appear as

(amplitude function),

Py(ik)
P3j(ik)2 + (ik) + P4j

(13)

If both sides of Eq. (13) are multiplied by the denominator of
the Fade approximant and separated into real and imaginary
parts, then

and

Re s Pvk2 - P3jVjk2 + P4jVj - Wjk = 0 (14a)

Im = P2jk + P3JWjk2 - P4y^ - Vjk = 0 (14b)

The sum of squared errors is defined as

Err = E Re(£,)2 + L Im(Ar/)2 (15)
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By equating the first derivatives of squared errors [Eq. 15)] with respect to variables Py, P2j, P3j, and P4j to zero, the unknown
coefficients Py, Py, P3y, and P4y can be determined from

Lkf
0

0

E Vfkf - E F^-Ar, W})
0
0

(16)

where / varies over the range of input frequencies, and the
mode subscript j on V and W has been omitted.

Gradient Method
After the unknown coefficients PI/, P2y, P3j, and P4y have

been found, a one-dimensional gradient method is used to find
E and H values which will make the sum of the squared errors
minimum. The E or H value is perturbed first by a small
amount AE or AH to find the gradient of the sum of squared
errors. If the gradient tends to reduce the error, then the E or
H value is perturbed further until several iterations has been
reached (it is set to be 5 iterations in the current program).
After that, the same procedure is applied to other E or H.
Then the whole procedure is repeated again for several itera-
tions.

Indicia! Formulation
To express the aerodynamic response in time domain [Eq.

(6)], the phase function, as represented by the Fade approxi-
mants, is inverted from frequency to time domains by inverse
Fourier transform. The Fade approximants are first factored
as follows:

Py(ik)2

P3j(ik)2 + ik + P4J ~ ik + ay ik + 04,-

and then it is inverted based on a step input2 to be

(17)

I I - ^ "/..I 0—^—— \elkt> d(jk)-oo L P3j(ik)2 + ik + P4j\

' -a2je-a*Jt> (18)

The final form for the aerodynamic response in time domain
for arbitrary motion is therefore given by

- r, a(r), a(r)]T = 0

t' At* c \

£
j = i o

dr Vooj=\

* (1 - aye dr (19)

where the amplitude functions (a.f.) are given by the //terms
in Eq. (11), and Cav is the average of A0 and is a function of
am. It should be noted that a in Eq. (19) denotes a perturba-
tion from am. The first term in Eq. (19) is the amplitude of CL
[Eq. (11)] when a. is abruptly changed to a(0) at r - 0 and
represents an initial value in the indicial lift formulation [see
Eqs. (5.370) and (5.382) of Ref. 2]. Again, each mode is
evaluated in complex form and the real part of the result is
taken as the response in time domain.

To perform the time integration in Eq. (19), the three-point
Simpson rule is used in the present method. Since the ampli-
tude functions are determined in the frequency domain using
complex algebra, for an arbitrary motion an equivalent fre-
quency k and phase angle </> at r must be obtained by matching
the given at and a\ as follows:

oi0 cos(kr

sin(/rr + <

(20a)

(20b)

Equations (20) are solved by Newton's method. It should be
noted that k and <t> are needed merely to simulate an equivalent
harmonic motion in the present formulation. The resulting k

— o
A

Results from 2-D UQVLM
(In Phase)
Results from 2-D UQVLM
(Out of Phase)
Numerical Approximation

I . I
0.4 0.6

k
0.8

Fig. 1 Unsteady lift coefficient for a two-dimensional flat plate
pitching about midchord at M = 0.4.

Results from 3-D UQVLM
(In Phase)

Results from 3-D UQVLM
(Out of Phase)

Numerical Approximation

0.0 0.5 1.0 1.5 2.0 2.5
k

Fig. 2 Unsteady lift coefficient for a 70-deg delta wing pitching
about mid-root chord at M = 0.4.
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and <t> are then used to determine the magnitude of the ampli-
tude function using complex algebra.

Results and Discussion
Because appropriate high-alpha experimental data to apply

the present modeling method are limited, the present method
will first be tested with linear theoretical results.

Linear Results
Several cases in the two-dimensional and three-dimensional

linear flow at different Mach numbers have been studied to
verify the present method of aerodynamic modeling. The os-
cillatory two-dimensional results are computed from a two-di-
mensional unsteady quasi-vortex-lattice method (QVLM)24 as
input data for the current model. Through numerical experi-
mentation, it is found that six frequencies are needed to have
accurate results. In the present model [Eq. (11)3, only the
coefficients EH, E2\9 Hn, H2\, and Pfl are not zero. Three
Mach numbers, 0, 0.2, and 0.4 are employed. The results at
M = 0.4 are presented in Fig. 1. It is seen that the present
modeling method is very accurate for harmonic motion. The
modeling method is further verified with a 70-deg delta wing
which oscillates from 0 to 20 deg in the angle of attack about
the midroot chord:

a! = 0.17453 + 0.17453 cos kt' (in rad)

This means that the mean angle of attack is 10 deg (0.17453
rad) and the amplitude of the oscillation is also 10 deg
(0.17453 rad). The aerodynamic responses are calculated from
a three-dimensional unsteady QVLM code.25 Through numer-
ical experimentation, it is found that the responses at low
frequencies do not change significantly, so that accuracy in
modeling would be reduced. To have more accurate approxi-
mation, high-frequency responses are needed. Seven reduced
frequencies (k = 0.01, 0.1, 0.2, 0.6, 1.0, 2.0, 2.5) are used in

o
A

Experimental Datafup)
Experimental Data(down)
Numerical Approximation

1.5 r— k = 0.165

0.0 10.0 20.0 30.0 40.0 50.0 60.0

1.5 i- k = 0.072

0.0 10.0 20.0 30.0 40.0 50.0 60.0

1.5 T- k = 0.03

0.0 10.0 20.0 30.0 40.0 50.0 60.0

1.5 i— k = 0.0

o"' 0.5 —

0.0 10.0 20.0 30.0 40.0 50.0 60.0
a , deg.

Fig. 3 Unsteady lift coefficient for a 70-deg delta wing pitching
about 51% of root chord at low speed and various frequencies
(Re = 1.64 X 106).

Experimental Datafup)23

Experimental Data(down)
Numerical Approximation

1.5 i— k = 0.165

0.0 10.0 20.0 30.0 40.0 50.0 60.0

1.5 i— k = 0.072

0.0 10.0 20.0 30.0 40.0 50.0 60.0

1.5 i— k = 0.03

-0.5
0.0 10.0 20.0 30.0 40.0 50.0 60.0

1.5 r— k = 0.0

10.0 20.0 30.0 40.0 50.0 60.0
a , deg.

Fig. 4 Unsteady drag coefficient for a 70-deg delta wing pitching
about 51% of root chord at low speed and various frequencies
(Re = 1.64 x 106).

this three-dimensional attached flow case. The results for CL
at M = 0.4 from modeling are plotted in Fig. 2 and again show
very good agreement with results from the three-dimensional
unsteady QVLM program.

Nonlinear Results
The forced-oscillation test data23 for a 70-deg delta wing in

pitching oscillation are used to validate the present nonlinear
aerodynamic model. The angle of attack that describes the
pitching motion is given as

oil = 27.5 - 27.5 cos kt' (in deg)

which means the delta wing oscillates from 0 to 55 deg in angle
of attack and then back to 0 deg for one cycle. The pitching
center is at 51% of the root chord, k is nondimensionalized
based on wing's root chord. Five sets of data corresponding to
five different frequencies are available and are used as the
input data to calculate the coefficients for the current aerody-
namic model with five Fourier terms. The lift coefficients
obtained from the aerodynamic model [Eq. (11)] are com-
pared with the original test data in Fig. 3 with good agree-
ment. Expressions for CD and Cm similar to Eq. (11) are
obtained with the same procedures as those used for CL. The
modeled harmonic results are compared with data in Figs. 4
and 5 for CD and Cm, respectively. Again, the good agreement
indicates that the present aerodynamic model is accurate in
representing the experimental harmonic data. The coefficients
for CL are tabulated in Table 1.

To check the validity of indicial formulation [Eq. (19)] for
the present nonlinear response, two oscillatory cases in Fig. 3
will be used. That is, by assuming oscillatory motion in Eq.
(19), the time-integrated lift response should agree with the
forced-oscillation results. The lift coefficient by integrating
Eq. (19) for the same 70-deg oscillating delta wing with
k = 0.098 is plotted in Fig. 6. Compared with the results from
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O
A

i— k = 0.165

Experimental Data(up)
Experimental Data(down)
Numerical Approximation

0.0 10.0 20.0 30.0 40.0 50.0 60.0

r— k = 0.072

0.0 10.0 20.0 30.0 40.0 50.0 60.0

r— k = 0.03

0.0 10.0 20.0 30.0 40.0 50.0 60.0

r— k = 0.0

0.0 10.0 20.0 30.0 40.0 50.0 60.0
a . deg.

Fig. 5 Unsteady pitching moment coefficient for a 70-deg delta wing
pitching about 57% of root chord at low speed and various frequen-
cies. Moment center at 25%of root chord (Re = 1.64 x 106).

- —————— Numerical Modeling Results
- — - - Indicial Lift Time Integration

80.0 100.0

Fig. 6 Unsteady lift coefficient from numerical modeling and indi-
cia! time integration for a 70-deg delta wing in harmonic pitching
oscillation about 51% of root chord at low speed (Re = 1.64 x 106

and k = 0.098).

aerodynamic modeling, the integrated lift shows good agree-
ment.

To verify the aerodynamic models further, aerodynamic
responses to harmonic ramp motions for a 70-deg delta wing
reported in Ref. 26 will be employed. The ramp motions start
from a - 0 to 35, 45, and 55 deg. In the present calculation
based on Eq. (19), the same harmonic data shown in Figs. 3-5
and reported in Ref. 23 are used. That is, the data are based on
harmonic motions from a - 0 to 55 deg. The results for CL are
presented in Fig. 7 for a reduced frequency of 0.0714. It is seen
that the present aerodynamic model is fairly accurate if the

harmonic ramp motion is from a — 0 to 55 deg. However, the
final CL is overpredicted if the ramp motion stops at an a. less
than 55 deg, even though the peak CL is still well predicted. A
possible reason for this is that the harmonic data based on
a = 0-55 deg contain dynamic effect on vortex-breakdown
characteristics at a<55 deg. Therefore, the results for CL at a
final steady a. = 35 or 45 deg should be higher.

The corresponding drag and pitching moment coefficients
at one reduced frequency are presented in Figs. 8 and 9,
respectively. The drag coefficient is not as well predicted in
ramp motions as it is in harmonic motions (see Fig. 4). It is not
known whether this is caused by differences in the test models
and test Reynolds numbers. The test mode! for the harmonic
motions (Ref. 23) has two-sided chamfered leading edges with
a thickness of 0.5 in. at a Reynolds number of 1.64x 106

based on the root chord. The model for the ramp motions
(Ref. 26) is chamfered only on the lower surface of the leading
edge and has a thickness of 0.25 in., and is tested at a Rey-
nolds number of 1.54 x 106. The pitching moment coefficient
appears to be well predicted except at small time.

To illustrate the present aerodynamic model [Eq. (19)] for
arbitrary motions, a linear ramp motion is assumed in the

i—o
X

Experimental Data
(0 - 55 deg.)
Experimental Data
(0 - 45 deg.)
Experimental Data26

(0 - 35 deg.)
Numerical Indicial Integration
(0 - 55 deg.)
Numerical Indicial Integration
(0 - 45 deg.)
Numerical Indicial Integration
(0 - 35 deg.)

80.0
f

Fig. 7 Unsteady lift coefficient from indicial lift model and experi-
ment for a 70-deg delta wing in harmonic ramp motion at low speed
(Re = 1.54 x 106 and k = 0.0714).

Experimental Data
(0 - 55 deg.) .
Experimental Data
(0 - 45 deg.) „
Experimental Data
(0 - 35 deg.)
Numerical Indicial Integration
(0 - 55 deg.)
Numerical Indicial Integration
(0 - 45 deg.)
Numerical Indicial Integration
(0 - 35 deg.)

Fig. 8 Unsteady drag coefficient from indicial drag model and ex-
periment for a 70-deg delta wing in harmonic ramp motion at low
speed (Re = 1.54 x 106 and k = 0.0714).
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Table 1 Model coefficients for CL for the 70-deg delta wing (Cav = 0.6451)

Q H6j

1
2
3
4
5
j
1
2
3
4
5

1.0
1.0
1.0
5.0

30.0
P\j

-5.788
4.947
3.561

24.424
6.127

-0.389
0.212

-0.368
0.025
0.186
P2j

-0.453
-1.387

0.653
3.412
1.604

1.062
0.250
0.118

-0.063
0.039
P3j

5.520
15.243
4.383

21.343
1.244

0.700
-0.700
-0.970
-0.100

0.096
P4J

0.030
0.001
0.041
0.001
0.025

0.463
0.500
0.534
0.400
0.588

a\j.
-0.402
-1.437

0.866
3.541
1.545

0.600
0.995
0.400

-0.015
aij

-0.646
1.761

-0.054
-2.396

3.379

-1.019
1.000

-0.020
03j

-0.037
-0.001
-0.053
-0.001
-0.026

0.000
0.0009 0.0007

<*4j

-0.144
-0.065
-0.175
-0.046
-0.778

Experimental Data
Numerical Indicia! Integration

80.0
f

Fig. 9 Unsteady pitching moment coefficient from indicial pitching
model and experiment for a 70-deg delta wing in harmonic ramp
motion at low speed. Moment center at 25% of root chord
(Re = 1.54 x 106 and k = 0.0714).

Experimental Data
(Harmonic Ramp)
Numerical Indicial Integration
(Harmonic Ramp)
Numerical Indicial Integration
(Linear Ramp)

Fig. 10 Unsteady lift coefficient from indicial lift model in harmonic
and linear ramp motions for a 70-deg delta wing at low speed
(Re = 1.54 x 106 and k =0.0926).

integration. The results are compared with those in a har-
monic ramp motion in Fig. 10. It is seen that the linear ramp
motion tends to produce higher CL values beyond the peak
value because it has a higher value in a..

Although verification of the present model was presented
only with one set of Q:O and am, some preliminary results with

different a0 and ctm indicate that Eq. (19) could still produce
good results if a new a-range is within the test range used in
setting up the model.

Conclusions
A Fourier analysis method was developed to analyze har-

monic forced-oscillation data at high angles of attack as func-
tions of the angle of attack and its time rate of change. The
resulting aerodynamic responses at different frequencies are
used to build up the aerodynamic models involving time inte-
grals of the indicial type. An efficient numerical method was
also developed to evaluate these time integrals for arbitrary
motions based on a concept of equivalent harmonic motion.
The method was verified by first using results from two-di-
mensional and three-dimensional linear theories. The devel-
oped models for CL,CD, and Cm based on high-alpha data for
a 70-deg delta wing in harmonic motions showed accurate
results in reproducing hysteresis. The aerodynamic models are
further verified by comparing with test data using ramp-type
motions.
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